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Oml (r, θ, φ) =
(−1)li|m|
Aml
Y ml (θ, φ)
1
rl+1
∀ (l, m) ∈ N2 with 0 ≤ |m| ≤ l, § < © < ¨
h&®




l ∀ (l, m) ∈ N2 with 0 ≤ |m| ≤ l, § < ©  ¨ªCWjZLlgZJ®
Aml =
(−1)l√









sJl |k| > j ©PVWjZ>bx>uh±uzpcgsDZªClgm|efenZ>hcL®
Oml (r, θ, φ) = i
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(−1)jI−kj (X′)Ol+kn+j(X) ∀ (n, l) ∈ N2 with 0 ≤ |l| ≤ n.
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j (r, θ, φ).
§ < © <  ¨












j (r, θ, φ))
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F(Z) = −grad Φ(Z),
enWeAmpcegscnSb¡m henWjZz sdxLuz&JcfZ5s¢enWjZcf{WjZ>lnm xLuz&xsdsJlnm huegZLcL®
Fr(Z) = −∂Φ(Z)∂r , Fθ(Z) = − 1r
∂Φ(Z)
∂θ , Fφ(Z) = − 1r sin θ
∂Φ(P)
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  dP ml (cos θ)
dθ =
l cos θP ml (cos θ)−(l+m)P ml−1(cos θ)
sin θ
 ∀ l ≥ 1  ∀ |m| ≤ l − 1   $ +'- m = l  dP ll (cos θ)dθ = l cos θP ll (cos θ)sin θ  $/  ,:\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P m+1l (z) = (z
2 − 1)− 12
(
(l −m) zP ml (z)− (l + m) P ml−1(z)
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r2 ¨ © Z mpcAZ>hxz sJcgZLm|h B1 ¡ Q m|h B2 ©A_slnZ>sJZ>lK¡jZ>hjsegm hj R = ‖X1 −X2‖ ¡ªZ-cncfiY²Z5enWeK®









































n ≥ 0 uh¢­sJlAuz z x ∈ [−1, 1] ¡ªZ5WSZ |Pn(x)| ≤ 1 ¡jªZx>h$ªClnm¬enZ®
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‖Φ(Z)− ΦP (Z)‖ ≤
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‖ (X2 −X1)− ((Q−X1)− (Z−X2)) ‖
.
adm hx>Z5egWjZ-x>shjm¬enm|sJh
R > r1 + r2






(−1)nI−ln ((Q−X1)− (Z−X2)) Oln (X2 −X1) .
adm hx>Z







I−ln ((Z −X2)− (Q−X1))Oln(X2 −X1).














(−1)jIkj (Q−X1)I−l−kn−j (Z−X2)Oln(X2 −X1).
§ < © < º ¨

























(−1)jIkj (Q−X1)I−l−kn−j (Z−X2)Oln(X2 −X1).
·Z5¤lcveCm hJenlgsixZ










(−1)jIkj (Q−X1)I−l−kn′ (Z−X2)Oln′+j(X2 −X1),
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m Y[{scfZKc>® −n′ ≤ l′ ≤ n′ ©  henWjZcgY[ZwªSb¡ Ikj (x) m Y²{sJcgZLcL® |k| ≤ j ¡egWeCm censcnSbQ®
j + k ≥ 0 ¡juh³® k − j ≤ 0 ©P_slnZ>sJZ>lK®
j + k ≥ 0 ⇒ n′ + j + k ≥ n′,
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¡ ∀ (j, k) ∈ N2 ªCm|egW 0 ≤ |k| ≤ j ¡ZLm|hj3Z>¤hjZL db®
















































R ≥ 2 ©PVWdicL®
‖Φ(Z)− ΦP (Z)‖ ≤
1














R ≥ 3 ¨ ¡ªZsjenum h³®
‖Φ(Z)− ΦP (Z)‖ ≤
1
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enslc>¡LegWuempc³enswcnSb NT = (2(2ws+1)+1)3−(2ws+1)3 ¡h$egWdicªCm|egW
ws = 1
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MemSg(P, H) = N (H)(P + 1)(P + 2)c +NT
(P + 1)(P + 2)
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§ < © < > ¨
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MemDb(P, H) = N (H)(P + 1)(P + 2)c +NT
(2P + 1)(2P + 2)
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n+j ∀(j, k) ∈ N2, j > 0, |k| < j.
§ j© < ¨
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§ shjz bZLlnZ>ZLcClgZm hJZ>lcfZK ¨ .













−(n+j) ∀(j, k) ∈ N2,
hªCm¬enW




























j−n ∀(j, k) ∈ N2, j > 0, |k| < j.
z ZeK®
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(j, k) ∈ Γ
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j−n ∀(j, k) ∈ J ×K.
·ZWSZhjsª egWjZ5¢­sJz|z sªCm|h²z Z>Y[Yj©
Q ½   ?5
L̃kj = L
k
j , ∀(j, k) ∈ Γ
   H + ^VWjmpcCmpcCijZ5ens®
Mkj = 0 ∀(j, k)/|k| > j,
Mkj = 0 ∀(j, k)/j < 0,

























j−n ∀(j, k) ∈ N2.
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Okj (r, θ, φ) ∼
(j − |k|)!
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Ikj (r, θ, φ) ∼
rj
(j + |k|)! .
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m chsz|sJhjZLlhsuegmpxZKujz Z©VWjmpc{jlnsjz Z>Y'ZL{ZLhjcsJhenWjZ5Y[JxWjm hjZw{lgZKxmpcfm shicfZK&®?ªCm¬enW 6 sJenm|h-{sm hJeAx>sY[{jieegm shc{Z>lg¢­slnY[ZLm|h±cfm hjJz|Z{jlnZLx>m cgm sh §
4
dbegZLc ¨ enWjZhiY²ZLlgmpx>zwm hcfenjm|z m|egm ZLcu{j{ZLl¢­slY-ixW z sªZLluz ijZLc$su¢ P enWuh ªCm¬enW 6 sJuegm hj {sm hex>sY[{jieegm shc{ZLlf¢­sJlgY[ZL$m h±jsijjz Z{jlnZLx>m cgm|sJh §
8
benZLc ¨ © h²sijz|Z{jlnZLx>m cgm|sJhegWm c{jlnsjz Z>YjsZKchjsuePu{j{ZLl?ªCm¬enWegWZx>z Jcgcgmpx
M2L
§ mH© ZJ©ªCm|egW²hjs5?V ¨ ¢­slPx>sY[Y[sh-z|ijZKcs¢
P
§ ueAz|ZKcfeAij{egs




Y-ixW$Wjm WZ>legWuh±ªCm¬enWegWjZ??V m Y[{jlnsZ>Y[ZLhJeK©VWjmpcAmpcncfijZWcC{lfenz|b § cgZ>ZcgZLxegm shc© uhj©  ¨ ZLZ>hlnZLcgsz ZKm h  (¶z|z =J0"ªCm|egW±egWZicgZsu¢r >; &:-?V5®m|h±enWjZZLlnZ>ZKc-m Y[Z>hcgm|sJh egWZenZ>lnY[c²ulnZJlgsJij{ZKxLxsJlnm hj±ens¯egWZ>m l[jZ>lnZ>ZKc>¡Ph WjZLhxZx>x>slm hj±egsNegWjZ$Yuhm¬eniZs¢enWjZ>m lhjsJlgY±¡µhNegWjZ  ?V mpc5{Z>lg¢­slnY²ZKN¢­slZ>JZ>lnb¯jz sx´cfZL{ZLlnuegZLz|bJ©VWjZ[{sJm|hef¥¦ªCmpcfZ{jlnsixe5Wc5enWjZ>hegsZ{Z>lg¢­slnY[ZL$jz|sx´db$jz|sx´ªCWm|z Z5icfm hj ; -  & U	!1: -%0;   
 § hY²ZK$Jcm|h1 (rz z =." ¨ uY[shjDegWZjz|sx´cL©·ZZ}{jzpum h$Z>z sª enWjZZ>enum zpcsu¢egWjmpcCjz sx´?V5©



























I ∈ J0, B − 1K ªZ5jZ¤hjZ5enWjZjz sx´ M(I) dbQ®
M(I)i =
{
MIT+i ∀i ∈ J0, T − 1K,










(2T − 1) {Z>lnm sdjm x>m¬evbJ©¶VWjZcnuY[Z5m cAjshjZ¢­sl O(I) ¡z cgsDZ>}degZ>hZL$egs
N
ªCm¬enW


















m c^egWdicwenWjZDlnZLcgijz|ews¢PegWjZ <  xsJlglnZ>zpenm|sJh±su¢¶cgm LZ
2T − 1 Z>evªZLZ>hz|sx´ M(I) hjz sx´ O(J) © ijZAensenWjZwZ>¤hjm|egm shs¢QegWjZKcfZwjz|sx´c § {ZLlgm smpxm|evb²h >ZLlgs¥H{Jjm hj ¨ ¡ªZ^x>hseum hZ}jJx
egz bDegWjZ^cnuY[ZAlnZLcgijz|eªCm|egWenWjZ    ?V -m hdZ>lcgZL{sm hef¥¦ªCm cgZ5{jlnsdjix





































X(N, N + I)i′ ,
§ ©  ¨
hsuegWZ>lnªCm cgZ § mU© Z©




X(N, N + I)i′ +
B−1−I−1∑
N=0
X(N, N + I + 1)i′−T .
§ ©  ¨






§ m hegZ>JZ>lAm dm cgm sh ¨ ©?VWZz JcveCjz sx´WJcegWjZLh±hiz|z³lnsªAcm|hJjm|egm sh$egs[egWsJcgZicfZK¢­sJl>ZLlgs¥H{Jjm hj© h< (  =J0"enWjZ^jz sx´[Z>lcgm|sJh²ZLhuz|ZKcrenWjZ^icgZ^s¢µcfWslgegZ>l¶jz|sx´cm|henWjZ^sJlnjZ>ljm|Y[Z>hcfm sh¢­sJlrenWjZA¤lcfejz sx´dcL®egWjmpcWJcAhjse^Z>Z>hicfZK±WjZ>lnZ-cgm|hx>Z-uz zµ??V xsJY²{ienuegm shcAlgZ{lgZKxsY[{jijegZL § cfZLZ-cgZLx
enm|sJh < © < ¨ ¡ªCWjmpxWlgZKixZKcCenWjZJm|hs¢?cgixWZ>hjWhxZLY[Z>heL©
	    
          
































VWjmpc?m Y²{z|m ZLcPcgsY[ZlgZKxsJ{jm|ZKc¢­lgsJY ¢­ijz zegs5Wz|JZL-lglSbcµªCWZ>h²{ZLlf¢­sJlgY[m hj??V5¡ujijePegWjmpcPjjm¬enm|sJhuzjx>sJcfempcrcgY[z|zH©VWjZ²Yum hNJuhenZs¢¶?V· ¡QsuenWjZ>lwegWuhm|encZ>°x>m|ZLhxbJ¡Qm cwegWe5m¬ex>h¯Wuhz|Z²ulnjm|eglulnbcgm LZLc^¢­sl5?V5®QªZDlgZWjZLlgZ5hjseAlgZKcvenlnm|hZLens{sªZ>ls¢
2
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N ∀k ∈ J0, N − 1K.






m Y[Z>hcgm|sJhcWSJZens$xsJlglnZLcg{sh$egsegWjZ-egZLlgYcwªCm¬enW{sJcgm¬enm|JZ § sJl^hdijz z ¨ m|hZ}ZLc^ªCWjm z|Z-egWjZ P ¢­sz z|sªCm hj[enZ>lnY[cxsJlglnZLcg{sh&¡ijZ-egsenWjZ{Z>lnm|smpxm|evbicfZK&¡degs[enWjZhjZ>enm|JZwm hZ>}dZKc>©PVWjmpcCmpcegWjZ=,  " @ -	   $ -	U&)
©
slA   enWjZ>sJlgZ>egmpx>z wzpSbsJiesu¢egWjZ5¢­sJz|z sªCm|hDZ>}d{uhcgm|sJh³¡ªCm|egW
P = 4
§ m Y²ZLhcgm|sJhc>®









































































































































































§ Z>JlgZLZLc ¨ § j© G ¨
\^ijz|z?lnsªAc^xLuhWjZLlgZ²xz ZLulnz b$Z²cg´dm|{{ZK¯ªCWjZLh¯{ZLlf¢­sJlgY[m hjenWjZ²??V m hegWZDsJlnZLlncwm Y²ZLhcgm|sJh § Z¢­sJlgZ-egWjZ[?Vm hegWjZZLlnZ>ZKcjm|Y[Z>hcfm sh ¨ ¡jjieCenWjmpcCz SbJsiempcChjsue¢£SJslujz ZwªCWZ>h  v{jzpuhm|hj wenWjZ?V ªCm|egW?V· ©VWue  c-ªCWdb+ªZWSJZxWjsdsJcgZL+hjse-ensicgZªClu{¥ ulnsihslZ>lK®²egWjmpc²m|Y[{jz m|ZKcDNcfWm¬¢ e[m|h egWjZ$m|hZ}ZLc-¢­slDegWZ
2m Y[Z>hcgm shc § slZLlncuhZLlnZ>ZKc ¨ m hlnZLuzcf{xZJ©· m|egWZ>ZLhcgm LZLcL¡uegWZwcgWjm¬¢ eZLoiz cregWjZwWuz|¢³su¢QegWZwm Y[Z>hcgm|sJhuh[m|hsijlnm|ZLlAcf{xZ5cgixW[cgWjm|¢ eAlgZKcfijz|encm hZLxW$egZLlgYZLm|hj[YDijz¬enm|{z|b$b
(−1)j+k ©ry^h$egWjZKcfZ¢£xegsJlncClgZwegWjZLhx>uhxZ>z ZLilgm hj²egWjZ{sm hef¥¦ªCm cgZ5{jlnsdjix
e 
¸iem|hsJlnjZ>lrensWSJZAZ>JZ>hcgm LZLcrªZ^YDicfehdijz zlnsª1hhdijz zQxsz ijY[h³¡uh²egWjZ5cfm >ZKcrs¢³sijl?V lgZAhsª
2(P + 1)
m h±ZLxWm Y²ZLhcgm|sJh³©

















































































































seum hjZLªCm|egWJx´dªln?V lgZcfegsJlgZKªCm¬enWªCln{¥ ulnsijhNslZLl-uhenWjZ>bWSJZm|hdZLlfenZL ZLlnZ>ZKcuhsJlnZLlnc § cgZ>Z±ZKoJiegm sh § j©  ¨g¨ ®egWZ>b lgZcvenslnZLm h egWjZcnuY[Z$ªSbc § © G ¨ jieªCm¬enW m hdZLlfenZLsJlnjZ>lc>© y^h ªCWjZ>h{Z>lg¢­slnY[m|hj-x´dªul²??V m hegWZ^slZLlm Y[Z>hcgm|sJhªZA{ZLlf¢­sJlgY enWjZ <  Jx´dªln[??V shjz b²shenWjZ^lnsªAcPenWeªCm|z zZicgZ¢­ijzH¡jmH© ZJ©?egWjZlnsªAcegWue^xsheum hcCZ>JlgZLZLc
j
ªCm|egW
0 ≤ j ≤ P ©
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16× 16 ¡&jz|sx´??V5¡ªCm|egW T = 2 hªCm|egW >ZLlgs¥H{Jjm hj § T → 2T ¨ ¡WJcjz sdx´cs¢?cgm LZ























































j = −2..1K 7 Y$5  0 -O























































j = 0..3K 7 Y$5  0 -O





















































































































j = 0..3K 7 Y$5  0 -O
ywc¢­sl5egWZ²hsh¥¦jz sdx´JZ>lcfm shNsu¢egWjZ??V5¡&hdijz|z¶lgsªAculnZcf´dm {j{ZKªCWZ>h{ZLlf¢­sJlgY[m hjegWjZ²¢­slnªul??Vm hNenWjZsJlnZLl-m Y[Z>hcgm|sJh³¡¢­slenWjZjz sx´dc5s¢egWjZYDijz|egm {sJz|ZZ>}{uhcgm sh+cªZ>z zJc5¢­slenWjZjz sx´c5su¢egWjZegluhcf¢­Z>l¢­ihx
enm|sJh³©
+^sªZLZ>lA¢­slwegWjZDx´dªul??V m h¯egWZ-slZLlwm Y[Z>hcgm|sJh § ¢­sJl^enWjZDz|sx´cAs¢PegWjZDz|sx>zµZ>}d{uhcgm|sJh ¨ ¡egWZ>lnZ-mpc^sJhjz|b 1
 ficgZ>z ZLcnc ClgsªAcr{ZLl¶jz sx´®?uz zjenWjZ^segWjZLl¶lnsªAcPxsJhJeum hicgZ¢­ijzegZLlgYc¶cgm hxZCenWjZ^z|sx´DjZLxsJY[{scfm|egm shcg{jlnZLc?egWjZwz|sxLuzZ>}d{uhcgm|sJhenZ>lnYcm|hcgmpZZLJxWjz sx´©  h±{jlxegmpxZªZjs²hsueAcf´dm {uhdblnsª m|henWjm c^x>cgZ©
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189 M2L = 40(P + 1)2 log2(2P + 2) + 378 ∗ (P + 1)2.
   H + A· m|egW+enWjZ[icfZs¢cgbdY²Y[Z>eglnm|ZKc¢­sl5slZ>lc § Jc5Z}{scfZKm h § © < ©  ¨g¨ ¡egWjZ[icgZsu¢uhZ}degllnsª9h+xsz ijY[hm|hsJlnZLlegs±WSZDZ>JZ>h+cfm >ZKcwz m ´Z
2(P + 1) × 2(P + 1) § cgZ>ZcfZKx
enm|sJh § j© º© < ¨f¨ ¡uh 1D § ¢­slnªul¯uhNJx´ªul ¨ ?VZ>m hj{Z>lg¢­slnY²ZKsJhjz bsh$egWjZ
P + 1
 ficgZ¢­ijz lnsªAcL¡ªZ5WSZ¢­sJlegWjZhjsJh¥¦jz|sx´JZ>lcfm sh³®
 ¢­slA??V shY-ijz|egm {sJz|Z-Z}{uhcfm sh±ulnlnSbJ¡JªZxsJijhe P + 1 ?V su¢Pcgm LZ 2(P + 1) m|h±enWjZslZ>lCm Y[Z>hcgm sh § ¢­ijz zulnlnSb-ªCm¬enWhiz|zlgsªAcrcg´dm|{{ZK ¨ uh P +1 ??V s¢³cfm >Z 2(P +1) m|henWjZ^ZLlnZ>ZAm Y[Z>hcgm sh § Wuz ZL[lglSb ¨ ¡umH© ZJ©|®
(P + 1)5(2P + 2) log2(2P + 2) + (P + 1)5(2P + 2) log2(2P + 2)
= 20(P + 1)2 log2(2P + 2),
 ¢­slx´dªul[?V sJhz sdxLuzZ}{hcfm shlglSb¡ªZxsihJe P + 1 ?V s¢µcfm >Z 2(P +1) m|henWjZ5Z>JlgZLZ^m Y²ZLhcgm|sJh§ Wz|JZL±ulnlSb ¨ h$egWjZLh P + 1 ??V su¢Pcfm >Z 2(P + 1) m|h±enWjZsJlnZLlAm Y²ZLhcgm|sJh § ¢­ijz zlglSbªCm|egWicgZ>z ZLcncClnsªAccf´dm {j{ZL ¨ ¡jmU© Z© ®





encZevªZ>ZLh±Wuz ZK$lglSbc § su¢cgm >Z 2(P + 1)× (P + 1) ¨ ®
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2T × 2(P + 1) ¢­slA??V m|hegWZslZ>lCm Y[Z>hcgm|sJh § ¢­ijz zµulnlnSb ¨ ¡h
2T × (P + 1) ¢­slegWZ?V m|henWjZZ>JlgZLZjm|Y[Z>hcfm sh±uh$enWjZz lgJZ¥¦lum hxsJlglnZ>zpenm|sJh § Wuz ZLulnlSbdc ¨ ©
 jsJl^?V sJh±egWjZ B Y-iz¬enm|{sz ZZ}{hcgm|sJhjz|sx´cL¡jªZDxsihJe T ??V su¢rcgm LZ 2(P + 1) m henWjZ-sJlnZLlAm Y²ZLhcgm|sJh§ ¢­ijz z&ulnlnSbDªCm¬enWhdijz zlnsªAc¶cg´dm|{j{ZL ¨ uh P +1 ??V su¢µcgm >Z 2T m henWjZjZ>lnZ>Zwm|Y[ZLhcfm sh § Wz|JZLulnlSb ¨ ¡mH© ZJ©|®
B (5T (2P + 2) log2(2P + 2) + (P + 1)5(2T ) log2(2T ))
= 10BT (P + 1) log2(4(P + 1)T ).
 jsJlx´dªln??V sJhegWZ B z sx>uzZ}{hcgm|sJhjz sdx´cL¡ªZxsJijhe P +1 ?V su¢cgm >Z 2T m h-enWjZZ>JlgZLZm Y[Z>hcgm|sJh§ Wz|JZL+ulnlSb ¨ hegWjZLh 2T ?V s¢Ccgm >Z 2(P + 1) m h+egWjZ$slZ>lm Y[Z>hcgm sh § ¢­iz|zulnlnSbjie-hjsjz hj´lnsªcf´dm {j{ZL ¨ ¡jmU© Z© ®
B (5(P + 1)(2T ) log2(2T ) + (2T )5(2P + 2) log2(2P + 2))
= 10BT (P + 1) log2(8(P + 1)T ).







(2T (P + 1))
]
= 189B(B + 1)T (P + 1).
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Z5egWdic¤huz z|bWSZJ®
189 M2L = 10 (P + 1)2 log2
(
32 (P + 1)2 T 2
)
+ 189 (P + 1)2 (B + 1) .
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?VN¢­sl
M2L
Wc³hs{Z>lenm|sJhx>sijhe³m h O(P 3) ¡uJm|hcve O(P 2 log2 P )¢­sJlregWZ^hjsJh¥Hz|sx´-JZ>lcfm shµ©·Z^x>huzpcgslgZLY[lg´-egWue¶enWjZAzpulnZ¥¦lum h[xslnlnZ>zpegm sh  {sm hef¥¦ªCm cgZA{jlnsix
e{ulge¶mpc¶ZLZ>hY[slnZegm Y[Z¥ xshcfijY[m hj²egWhegWjZ??V -Jx´dªln??V {ulgeL¡jx>sY[{ulnZLegs²enWjZhjshj¥Hjz sx´?V5©
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cfegsJlgZK m|h Wz|JZL lglSbcªCm|egW xsY[{jz Z} hdijYDZLlncL¡wegWjZLm|lcgm LZNmpc
2(P + 1)2c




enZL&©·ZWSZwegWdic § WjZLlgZ¢­slAcgm hjz Z5WjZ>m WeA´ZLlghZ>z ¨ ®
MemSg(P, H) = N (H)
(
2(P + 1)2 +





















´ZLlghjZLzU©VWjmpcAY[m|JWe^Z-Z}{jzpum hdbegWjZm h 6 iZ>hx>Zsu¢?egWZuz ijZsu¢?egWZslZ>l § mU© Z©


































§ cgZ>Z¤ijlnZ[©  ¨ ¡&??V ªCm|egWNjz|sx´±cfm >Z 3 mpccfenjz|ZihJenm|z
27
¡djieAmpcCs¢xsJijlcfZcgz|sªZ>lK©y^hjsuenWjZ>l²cfZLZ>lnZlSªCx´¯mpcenWe-egWjZhdijY[ZLlgmpx>zrm|hcveujm z|m|evbm|hx>lgZKcgZLcªCm|egW+enWjZWjZLm|JWe-su¢egWZsx
eglnZ>ZJ©±· WjZ>hx>shcgm jZ>lnm|hj § j© º ¨ uh § j© > ¨ ¡jªZWSZ5uzpcgsDens²enu´JZ5m|hegsJx>xsJijheegWjZm h 6 ijZLhxZs¢µevªsm cfenhxZKc>®
 egWjZjm cfenhxZ5ZevªZ>Z>h 2 xZLz|z³x>Z>hegZLlnc § ¢­sl Okj m h M2L ¢­sJlCZ}juY[{jz Z ¨ ¡















uhWjZ>m WecwsJZªCWjmpxWhdijY[Z>lnm xLuzm|hcveujm z|m|egm ZLc5{j{ZKul5ulnZDcgijY[Yulnm LZLm h¯eujz Z[© < ¢­slcgm|hz ZWZ>m We
M2L
´JZ>lnhjZ>z § ¢­sJlA?V su¢?cfm >Z
2
¡hjs²m h 6 ijZLhxZ5su¢egWjZsxeglnZ>ZWjZ>m WeCshegWjZm hcfenum|z m¬enm|ZKcªJcZenZLx
enZL&¡jijeenWjm cªCm z|zQ{jlnsujz bDWu{j{Z>h¢­sJlWm|JWjZ>lWjZ>m WecrenWex>uhhjsueZlgihWjZ>lnZ^m hcgZLoijZLhJenm zx>sY[{jieenm|sJh ¨ ©^¢µxsJijlcfZenWjZLcgZ[Sz|iZLcZL{ZLhshNegWjZcgm LZ²s¢¶enWjZxsJY²{ienuegm shzsS}¯enWeZ>hxz sJcgZLc5uz zP{ulgegmpxz ZLcL®sijlegZKcveculnZ²{ZLlf¢­sJlgY[ZLªCm|egWz|z{lfenm x>z|ZCx>ssJlnjm|huegZKcm hcgm jZ
[0, 1.0]
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Wm clSªCx´DWjsªZLZLl¶cvenm|z zQZ}mpcvechlnZLcfeglum hcenWjZ-icgZ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enWjZD??V m Y²{lgsJZ>Y[Z>heC¢­sl^egWjZD__ ®enWjZDx>lgm|egmpx>zµz ZLu¢Pcgm >Z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height = 4 height = 5 height = 6??V ªCm¬enWz|sx´cgm LZ> < > < > < ??V ªCm¬enWz|sx´cgm LZº J º ??V ªCm¬enWz|sx´cgm LZ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§ j© <  ¨
	      
48           
 hsJlnZLlCegsxWZLx´enWjZZ>}Jx
enhjZLcncAuhegWjZZ>°xm Z>hx>bsu¢PsJijl^??V m Y[{jz Z>Y[Z>henuegm sh±¢­sJlCegWjZD__ ¡ªZWSJZxsY[{lgZsJijlx>sZ § ?_¯¸ ¨ ªCm|egW  q¶_Vy § JZ>lcfm sh¯º© < © u{º ¨ ©w·Z²WSZZ>ZLhicgm hj  q¶_¯Vy ªCm¬enW¯enWjZ-¤}dZKm hJenZ>lxegm sh¯z m cfes¢ lnZ>ZLhjJln  ~CsJ´Wz|m h ªCm¬enW
ws = 1






icgZL±m h  q¶_¯Vy m|«QZ>lcA¢­lnsY sijlK®
PDPMTA = P + 1
© * sY[{lgmpcfsJhªc{ZLlf¢­sJlgY[ZLsh  ¸_<q?sªZLlnºhq?sªZ>l >¡egWdiclnZLoijm lgm hj--¢­Z>ª Y²sm|¤xLegm shcm h enWjZ_¯u´JZ¤z ZLc²cgs¯egWem¬ex>sY[{jm z|ZKcDªCm|egW egWjZ  ¸_ * xsJY²{m|z Z>l § }zpx ¨ ©1VWjZ±cgY²Z±xsJY[{jm|z Z>l²s{jegm shc²ªZ>lnZicgZL¢­sJl  q¶_¯Vy h?_¯¸ § hY²ZLz|b$¢­slwq?sªZLlnº® ); : @ 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@*'^
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?V m|Y[{jlnsZLY[Z>he¢­sJlegWjZ?_¯_#mpcCc¢£Jcve^JcegWjZsJhjZ  q¶_Vy-©_sJlgZLsZLlªZWSZuzpcfs¢­sJijh²hdijY[Z>lnm xLuzdm|hcveujm z|m|egm ZLcrªCWjZ>hDegZKcvenm|hj  q¶_¯Vy sJh-¢­ijz z?_¯_ xsJY[{jienuegm shcL®³enWjZLcgZ{j{ZKul¢­sJlegWjZcnuY[Z5uz ijZLcs¢
P
uh$WjZ>m WecAcªCm|egW?_¯¸ § cfZLZcfZKx
egm sh©  ¨ ©
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DPMTA FFT with block of size 4
FMB FFT with block of size 4
m ijlnZj© >®  sªChdªulw{cnc * q¶] egm Y[ZLcµ¢­sl  q¶_¯Vy1uh?_¯¸®LegWjZsx
eglnZ>ZWjZ>m Weµmpc
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PDPMTA = P +1 ¨ h  q¶_¯Vy Jx>xZL{er¢­sJl PDPMTA shz|bDegWjZwY-ijz|egm {jz ZLcsu¢&enWjZ^jz sx´cgm LZ©
¸ie²Z>ZLh ªCm¬enWenWjZjz sx´NJZ>lcfm shµ¡enWjZluhZsu¢Az|ijZKc¢­sJl
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189 M2L = 40 (2P + 1)
2
log2 (2 (2P + 1)) + 378 ∗ (2P + 1)2 .
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2T × 2(2P + 1) § ¢­ijz z?lglSb ¨ sl 2T × (2P + 1)§ Wuz ZK$lglSbc ¨ ¡dh$ªZ5WSJZ®
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m huz z|bNªZJm|JZ²egWjZY[ZLY²sJlgblgZKoJim|lnZ>Y[Z>hec¢­sl5egWZsijz|ZWZ>m We´ZLlghjZLzU¡{jlnsdx>Z>ZKm|hm hegWjZ$cgY²Z[ªSbcm|hcgZLxegm sh © d©²VWZ[cgm >Z[su¢uz zWuz ZLulnlSbdc^m c5hsª
2(2P + 1)2
¡&¢­sl5Y-iz¬enm|{sz Z[Z}{uhcfm shc5h¯enlnhcf¢­Z>l¢­ijhxegm shcL¡h$egWdicL®
MemDb(P, H) = N (H)
(
2(2P + 1)2 +
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s{Z>lenslc?m|h O(P 3) ¡duJm|hcve
O(P 4) ¢­slenWjZ>m l^xzpcncgm xwZLlncgm|sJh³©·ZWSJZ[xWsJcgZ>hNegs¯icgZ[egWZ¢­slnY-ijzpuZZ>enm|z ZLdb ijY[ZLlgsuh  ijlnm cgªuY[mPm|h-!  º."cfm hxZJ®&egWZ>bicfZ[enWjZcnuY[Z5Z¤hm¬enm|sJh¢­sJlcg{jWjZLlgmpx>zQWulnY[shjmpx>cL¡egWjZLbicgZcgbdY²Y[Z>eglnm|ZKc¶enscf{Z>ZKij{$egWjZx>sY[{jieegm sh±uhegWZ>b¢­sxicshjz bsJhenWjZhjZ>ZKZL$lnsuenuegm shcL©P_slnZ>sJZ>l¶egWjZlnZLx>ijlglnZ>hxZ^mpc{Z>lg¢­slnY²ZKsJh$lnZLzQhiY-Z>lc § uhhjse^xsJY²{z|Z>}shjZKc ¨ uhmpccgm|Y[{jz Z5egs[m hjm|egmpegZJ©+AsªZ>JZ>lhjs[{jlnss¢mpcCm ZLh$sJhenWjZhdijY[Z>lnm xLuz&cfenum|z m¬evb$su¢egWjZ5¢­sJlgYDijz Z5icfZK&©
·ZWjZ>lnZ5{jlnZLcgZ>heenWjZ{jlnm|hxm {jz|Z5s¢enWjm c^cgxWjZLY[Zh$egWjZ¢­slnY-iz ZicfZK¢­sJlCsegWcfm hjJz|Zuh$sJijjz Z5WjZ>m We
M2L´JZ>lnhjZ>zpc>©²·Z²Jm|JZuzpcfs$enm|z slnZL¯¢­slnY-ijzpuZD¢­sl5enWjZ wiegZLl §
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cgWjsªChm hegWZx>m¬enZL{u{Z>lc>¡¢­slegWZwlnsueegm shc Rz(π−ω).Ry(γ).Rz(χ)enWjZ>lnZZ}mpcvecAxsdZ>°x>m|ZLhenc
T ν,kj (ω, γ, χ)
¡ªCm¬enW
j ≥ 0, |k| ≤ j, |ν| ≤ j ¡cgixWegWueAegWZ-cf{WjZ>lnm xLuz&WlgY[sJhjm xLc Y kj (θ, φ) m henWjZslnm|Jm|huz&xsdslm henZcfbcfegZ>Y x>uhZªClgm|efenZ>h±ªCm¬enWcf{jWZ>lnm xLuzQWulnY[shjmpx>cm h$egWjZlnsueegZK$cgbcvenZ>YJc>®
Y kj (θ, φ) =
j∑
ν=−j
T ν,kj (ω, γ, χ)Y
ν
j (θ̂, φ̂).







VWjZ wiegZLlwuh  hjhjZLlA¢­ijhxegm shcL¡Qc^jZ¤hjZKm h § < © º ¨ uh¯m|h § < © > ¨ ¡Z>m hjJcfZK±sh±enWjZLcgZDcg{jWjZLlgmpx>z³WulnY[shjmpx>cL¡enWjZ>lnZZ}mpcvecCuzpcfs[xsdZ°x>m|ZLhJec
TO
ν,k




j (ω, γ, χ)
cfixW$egWeL®





j (ω, γ, χ)O
ν
j (r, θ̂, φ̂),
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j (ω, γ, χ)I
ν
j (r, θ̂, φ̂).














































n (ω, γ, χ).
§ º© > ¨



























n (ω, γ, χ).
§ º©  ¨
+ ? Q  , Á 8 HN ½
z







u}m c¶m c O(P 3) uJm|hcve O(P 4) ¢­slZ>hZ>luz M2L ©  hZ>ZKenWjZJcgcgsxmpegZK$¹µZ>JZ>hlnZw¢­ijhx
enm|sJhcCJZ>lnm¬¢­bQ®
P mn (1) = δm,0ªCWjZLlgZ
δi,j
m cCegWjZ 25lnshjZKx´ZLlcgbYDsJzU©P·ZWSJZ^enWjZ>lnZ¢­sJlgZJ®










































































































§ cfZLZ § ºj© > ¨g¨ ©?· m¬enW § º©  ¨ ªZAx>sY[{jienZ L̂kj ªCWjm xW[lnZ>{jlnZLcgZ>he?egWZCz|sx>zjZ}{hcgm|sJhDm h²egWjZClnsueegZK[xsdslm henZcgbcvenZ>Y±© h±slZLlensseum henWjZz sdxLuz&Z>}d{uhcgm|sJhm hegWjZsJlgm m huz&cgbcvenZ>Y±¡ªZWSZwegs[icgZ § ºj©  ¨ ªCm|egWegWZm|hdZLlncgZlgsenenm|sJh³®
Rz(π − φ).Ry(θ).Rz(π). hjZ>ZL$enWjZm|hdJZ>lcfZlgsenuegm sh$¢­slegWZJZ>hjZLlnz³cgxWZ>Y[Z5m cL®
Rz(−χ).Ry(−γ).Rz(−(π − ω)) = Rz(π − χ).Ry(γ).Rz(ω).
§ º© = ¨
 h x>shx>z|icfm sh+ªZhjZ>ZK+egsx>sY[{jienZegWZ¢­sz z|sªCm hjlnsueegm sh x>sZ>°xm Z>hencL®
TO
ν,k




j (φ, θ, π)
¡?¢­slDuz z
j ≥ 0, |ν| ≤ j, |k| ≤ j ©
I 5 ?  Á  L µ:9 8  :N ½  Á L:9 Á 8  Á³½   9 ½ 8 L
_scvesu¢³enWjZw¢­sz z|sªCm hj¢­sJlgYDijz Z^ulnZ^cgm|Y[{jz blnZ>ªClnm|egm hjsu¢&enWjsJcgZ^{lgZKcfZLhJenZLm h !  º."¦©rVWjZwx>sY[{jz ZenZ^Y[ZenWjsicgZLens²x>sY[{jienZwenWjZlgsenenm|sJhxsdZ>°x>m|ZLhencm cJm|JZ>hueenWjZ5Z>hsu¢³enWjm cCcgZLxegm sh³®?uz zegWjZ5YenWjZ>Yuegmpx>uzJx´JlgsJijh[mpc¤lncfe{jlnZLcgZ>henZL&©


























 § º© <  ¨
ywcCZ}{sJcgZL$m|h±cfZKx
enm|sJh±º© < © < ¡ªZ¢­sxicAsh$egWjZlnsueegm shc>® Rz(π − ω).Ry(γ).Rz(χ) ©  h$egWm cAxLcgZ¡ªZ5WSZJ®
Q(ω, γ, χ) =
2
4
− cos ω sin ω 0






cos γ 0 − sin γ
0 1 0





cos χ sin χ 0








Q(ω, γ, χ) =
2
4
− cos ω. cos γ. cos χ − sin ω. sin χ − cos ω. cos γ. sin χ + sin ω. cos χ cos ω. sin γ
− sin ω. cos γ. cos χ + cos ω. sin χ − sin ω. cos γ. sin χ − cos ω. cos χ sin ω. sin γ





mpcCuh±sJlfenWjsJshzYenlgm|}$hY[sJlgZLsZ>lªZWSZ § cgZ>Z5ZLoiuegm sh § º© = ¨f¨ ®
Q−1(ω, γ, χ) = Q(χ, γ, ω).





§ cgZ>Z § y-©  ¨f¨ cm h%!  º0"¦©  h$egWjZLm|l{{ZLlL¡ ijY[ZLlgs   ijlumpcfªuY[micgZwenWjZ5ZLoiuegm sh § © ºU= ¨ § ªCm¬enW$m hxlnZLJcfm hj²Z>JlgZLZLc j ¢­sl T ν,kj ¨Jc-uh+Z>}Y[{jz|Z¢­sl-±lnZLx>ijlncgm ZxsJY[{jienuegm sh+su¢enWjZ
T ν,kj









ix. (ibx − iiby) ix. (ibx + iiby) −2ix.ibz
iiy. (ibx − iiby) iiy. (ibx + iiby) −2iiy.ibz
− 12 iz. (ibx − iiby) − 12 iz. (ibx + iiby) iz.ibz


§ ©  G ¨ m h1   º5"³m cL®
2b−m−1n+1 T
ν,m+1








n + (W1,3 −W2,3)aνnT ν,mn .
· m|egW1egWZ±x>shdZLhegm sh
T ν,mn = 0, ∀(n, m)/|m| > n
¡ªZ±WSJZenWjZ¢­sz z|sªCm hjZLoienm|sJhc § ªCWjmpxW3xslnlnZLcg{sJh+egs§ © º ¨ h § © ºº ¨ m h1   º5" ¨ ®
2b−m−1n+1 T
n+1,m+1











n .· m|egW § º© <  ¨ uh § ºj© <U< ¨ ¡jªZsJenm|h$egWZ5¢­sz z|sªCm hj²lgZLz uegm shcgWjm {$ZevªZ>ZLh W ªCm¬enW Q ®
W1,1 + W2,1 = Q1,1 + Q2,2 + i(Q1,2 −Q2,1) = (cos γ + 1)eiχei(π−ω),
W1,2 + W2,2 = Q1,1 −Q2,2 + i(Q1,2 + Q2,1) = (cos γ − 1)eiχe−i(π−ω),









(cos γ + 1) ei(π−ω)b−νn+1T
ν−1,m
n + (cos γ − 1)e−i(π−ω)bνn+1T ν+1,mn
]









$½ -µ:9 ½  Á  L µKH9 Á 8 9 8
R
 · WjZLh {Z>lg¢­slnY[m|hNlnsueegm sh Rz(α) sh egWjZcg{jWjZLlgmpx>zWulnY²sJhjmpx Y kj (θ, φ) ªZcgm|Y[{jz bWSZ®
Y kj (θ, φ) = e
ikαY kj (θ̂, φ̂)
©P·Zx>henWdicAZKxsY[{sJcgZ
T ν,mn (ω, γ, χ)
c § sJhxZJm|h$ªZ5lnZ¢­Z>lens    º5"¢­sJlAZeum z cAh$Z}{jz m x>m¬eA{jlnsdsu¢ ¨ ®
T ν,mn (ω, γ, χ) = e
imχe−iνωHν,mn (γ)
§ º© <  ¨ªCm|egW
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   H + A·ZicgZwenWjZcgY[Z5cnxWjZLY²Z5c !  º."³¢­sJlegWjZLm|lAx>sY[{jieegm shµ©r\^uY[ZLz|bªZxshcfmpZ>l Rz(π − ω).Ry(γ).Rz(0)ªCm|egW





















Y −νn (γ, ω)Y
ν
n (θ̂, φ̂).
·Zm jZ>hegm|¢­benWjm cAZLoienm|sJh$ªCm|egWenWjm cAshjZ § sJenm|hZL$¢­lgsJY § º© < ¨f¨ ®
Pn(cos γ) = Y
0
n (θ, φ) =
n∑
ν=−n






T ν,0n (ω, γ, χ) = Y
−ν
n (γ, ω).·ZZLjixZJ®
Hν,0n (γ) = Y
−ν
n (γ, 0) = Y
ν
n (γ, 0).
m huz z|bJ¡ªCm¬enW § y-© º ¨ uh$ZKx>icfZenWjZhjslnYuz m LZL$cf{jWZ>lnm xLuz&WlgY[shm xLc¶¢­sJlgY uh±slgegWjsJhjslnYuzcgmpc>¡ªZ5WSZJ®
T−ν,−mn (γ, χ) = T
ν,m
n (γ, χ),
§ º© < > ¨
h$egWjZLlgZ>¢­slnZwªCm|egW § º© <  ¨ ®
H−ν,−mn (γ) = H
ν,m
n (γ).
§ º© <  ¨_sJlgZLsZLl § cfZLZ § ©  ¨ m h1   º5" ¨ ªZ5WSZ5uzpcgs®
Hν,mn (γ) = H
m,ν
n (γ).
§ º© <  ¨
VWjZKcfZ5evªs²ZLoienm|sJhcL¡ § ºj© <  ¨ uh § º© <  ¨ ¡lgZ5icgZ¢­iz&egs²¢£cfegZLhegWjZx>sY[{jieegm shsu¢egWjZ Hν,mn (γ) § cgZ>ZZ>z sª ¨ ©








 jlnsY9egWjZ^jZ¤hjm|egm shs¢QegWjZ wijegZ>luh  hjhjZLlr¢­ijhx



















§ º© <:G ¨
· m|egW § º© < > ¨ ¡ªZ5WSJZ5z cgs®
TO
−ν,−k
j = (−1)k+νTOν,kj ,
TI
−ν,−k
j = (−1)k+νTIν,kj .
 Á  LLjH9 Á 8 L Á  ½ Âµ ½  m|JZ>h+egWZ
Hν,0n (γ)
ªCm|egWz Z>Y[Y¯º© < h § º© <  ¨ ¢­sJl n = J0..P K uh |ν| ≤ n ¡?ªZicgZ § ºj© < º ¨ uh § º© <  ¨ ens$x>sY[{jienZ-enWjZ Hν,mn (γ) ¢­sl n = J0..P K ¡ |ν| ≤ n uh |m| ≤ n © TOν,kj uh TIν,kj ulnZenWjZ>hZKix>ZL$¢­lgsJY
Hν,mn

























j (φ, θ, π)
uh
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 &'^$& ;   
M2LROT =
(P + 2)(14P 2 + 41P + 36)
24
.
   H + A·ZWSZJ¡ªCm¬enW
Q = P/2
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 &'^$& ;   
M2LROT 2P =
(10P + 9)(P + 2)(P + 1)
6
.












































4(10P + 9)(P + 1)









< © j© > ¨ sJlCjz sdx´$?V § lenm|s²su¢ 8 ¡jcgZ>ZcgZLx
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VWjZ$m|Y[{jz Z>Y[ZLhJeenm|sJh su¢egWjZlgsenenm|sJh cgxWjZLY[Zs¯hjse-Z>hxsihJenZ>l-cg{ZLxm|¤x{lgsJjz|ZLYcZ}jxZL{e²xLulnZ¢­ijz¶ªClgm|egm hj¯s¢enWjZz sds{c²m hegWZ±cgm hjz ZWjZLm|JWe
M2L















 egWjZDxslnlnZLcg{sJhm hj M2L enlnhcf¢­Z>lC¢­ijhx





 egWjZDevªs$ulnlSbdc^xsheum hjm|hegWZ²x>slnlgZKcf{shjm|hj TOν,kj uh TIν,kj xsJY²{z|Z>}enZ>lnYc^¢­sJl 0 ≤ j ≤ P ¡ |k| ≤ j uh
















§ º© < = ¨
h$¢­slAsJijjz ZWZ>m WeA´ZLlghjZLzU®









§ º©  ¨


























n (ω, γ, χ)
ªCm|egW³®
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z
 	9£  · WjZ>h±xsJhcfmpZLlgm hj § º© G ¨ ¡ªZxLuhicfZwegWZw¢­sJz|z sªCm hj-Yenlgm|}d¥HJZLxegsl{jlnsix
e § lnZ>{lgZKcfZLhJenZL¢­sl
P = 3 ¨ ¢­sJlCm¬ecAxsJY[{jienuegm sh³®


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§ º©  < ¨
VWjZ
X
egZLlgYcDm|h enWjZz sx>z¶Z}{hcgm|sJh Y[ueglnm¬}lgZWjsªZ>JZ>l-cfegm z zicgZ>z ZLcncgz|b+xsJY²{iegZK&©N_sJlgZLsZLlegWjZcf{Z>ZKij{s«ZLlgZK+bNegWZ$¸¹µya+m cDe-ZLcfeDªCm|egW z|ZLZ>z
3
®DegWjmpcDªsJijz +lnZLoijm lnZ[egWjZxshx>enZ>huegm sh+su¢AcgZ>JZ>luzrY-iz¬enm|{sz Z  z|sx>zZ>}d{uhcgm|sJh$Yueglnm x>ZLcm h § ºj©  < ¨ Jcm|hcgZLxegm sh3>© º©r¸ieCegWZ>h±egWZY[ueglnm¬}xsheum hjm|hDenWjZY-iz¬enm|{sz ZZ}{hcfm shcªsJijz hjseZ[enlgmpuhjJijzpul5uhdbdY²sJlgZJ®AenWjZicgZ²s¢z Z>JZ>z
3








xsJY²{ienuegm shªCm|egW$lgsenenm|sJhcrªCm|egW±cfenuhjul¸¹µywax>z|zpcJcegsds[z|m Y[m¬enZLegstvicfegm|¢­bm¬ecm|Y[{jz Z>Y[Z>heegm shµ©VWjZ$shjz bªSbNegscg{Z>ZLij{ xsJY[{jienuegm shc-ªCm¬enW lnsueegm shccfZLZ>YcenWjZ>lnZ¢­sJlgZegsªClnm|egZcg{ZKxmpuzWuhxsZK uhhjsJh¯{slgenuz|Zz sds{c^m|hxz im hjcncgZ>Y-z|bz|ZLZLzµ{jlnsJlnY²Y[m hj²egWuewsJ{egm Y[m LZDxsJY[{jienuegm shc^m|h¯egWjZ²cgY²Z-ªSb¸¹ywam Y[{jz|ZLY[Z>henuegm shcAjs©
I  I  ? R9 8 , ½ N ½ 9  NQ  ½  8 ½ ,
adm hx>ZregWZx>sY[{jieegm sh5¢­sJlcgm hjz ZrWjZLm|JWJe´ZLlghjZLzJsdZKcµZLZ>hz ZLcncz|ZLhm|encgZ>z|¢egsw^Yeglnm|}¥¦ZKx
ensl&{jlnsix
e § enWjZ¶enlgmpuhijzpulYenlgmpxZKcm|hegWjZ[sijz|Z²WjZLm|JWJex>JcfZDZLm|h¢­ijlgegWZ>l  vWuz ZL Duz shjenWjZcfZKxsJhjulnb § sl5cg´Z>ª ¨ mpuJshz ¨ ¡enWjZ[¸¹ywax>sY[{jieegm sh±ªsijzp$ZZLZ>hz ZLcncZ°xm Z>heL©·ZWSJZ[egWjZLlgZ>¢­slnZxWjsdsJcgZ>h+hjseegsNicgZ¸¹µywax>uz zpcªCm|egWlnsueegm shccfm hx>ZªZ$s¯hjseDZ>z m|ZLZenWjm cDªsijzp+m Zcgi°xm Z>heAJm|hµ©
            )    

VWjZhiY²ZLlgmpx>zrcveujm z m¬evbNsu¢egWjZlnZLx>ijlncgm ZxsJY²{ienuegm shsu¢lgsenenm|sJhx>sdZ°xm Z>hencWcZ>ZLh cvenim ZL¢­slZ>}juY[{jz Zm|h
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¸¹µya ¨ sl¶Yenlgm|}d¥HYueglnm¬}-{lgsixe § z Z>JZ>z 3 ¸¹µywa ¨ ©  h[sJlnZLl?egss«ZLlruh[Z°xm Z>herm Y[{jz|ZLY[Z>henuegm shs¢regWjZKcfZDs{Z>lenm|sJhc>¡egWZ²¸¹µya±lnsienm|hjZKc^YhuJZegs$¤z z?uewZLcfewenWjZ²{jm|{Z>z m hjZLcwsu¢renWjZ 6 sJuegm hj{sm hJe5ijhjm|encL¡QegWuhj´censuhsJ{egm Yuz³icgZs¢enWjZ-m|«QZ>lnZ>he^zpSbZ>lcsu¢egWZ-Wjm Z>lulxWjmpx>uzQY[Z>Y[sJlgb$su¢?egWjZDxsY[{jijegZ>lK©CyAhenWjZWjm WZ>lCenWjZ-z Z>JZ>zs¢enWjZ¸¹µywa$icgZL³¡degWjZZegegZ>lAegWjZcg{ZLZLi{$enWjZ>b$lgZKxW³©?VWjZ¸¹µyalgZ5Y[slnZ>sJZ>l{sJlfeujz Zuh$ªCmpZ>z b$Sum zpujz Z©
¸¹µyaWSJZ-uz lnZLjbZ>ZLhicgZL¯¢­slWjm Z>lulxWjm xLuz O(N) N ¥¦sdjb¯uz slnm|egWjYcAdb<+^iNuh sJWjhcncfsJh  +  =."PªCm|egWy^hZ>lcgsh cAY[ZenWjs1 y^h1=."ªCWm xWicgZLcwm|«ZLlgZLhJewZ}{uhcfm shcCegWh±egWjZ²__ ¡h±WjZ>hxZenlnhcfzpenm|sJh  x>shdZLlncgm shsJ{ZLlnuegslcL¡ieAWcenWjZcnuY[Zuz slnm|egWjY ¢­sJlegWjZij{dªul$hsªChdªln{cncfZKc>©
+^Z>lnZªZ{jlns{sJcgZegWZ¤lcfe²¸¹µya+m|Y[{jz Z>Y[ZLhJeenm|sJh¢­slDegWZ
M2L








3     1  8         
  
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∀i2 ∈ J0, (P + 1)2 − 1K,
{
vM (i2) = M
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O02 0 0 0 0 0 0 0 0
O−12 0 0 0 0 0 0 0 0




§ >©  ¨






















C ← AT .B m|hlnsª cvensluJZ^Y[sZ5¢­sl A ¡enWuh C ← A.B ªCm¬enWx>sz ijY[hcfegsJlnZY[sdjZC¢­sl
A
¡cgm hxZAªCWZ>hxsJhcgm ZLlgm hjegWZ^¸¹µywa²m Y[{jz Z>Y[Z>henuegm sh § cfZLZ3 ¸¹µy "¢­sJl¶Z>¢£uijz|e¶m Y²{z|ZLY²ZLhenenm|sJh ¨enWjZ5¤lcve^cgsz iegm shz ZLcegs[z|ZKcgcªClnm|egm hjJcL¡ªCm¬enW±WjsªZLZLlY[sJlgZlgZKm hjc>¡egWuhegWjZcgZLx>sh$shZ©
E  ?5  Á µ , ½ N ½ 9  NQ
M2L















$½    E  ?  $
0/1&) " \^ '?; !
   













 &)^  =,!
!/ " ^!
!% &    ;?;  -	U&)! 
!/&   ; 
* "0; & & '"1^- % & :)
 -\#-   (











 ; $&  -
*!%& -	U&)C! 
!/&C  ; 











0/1&  F)& + !   (&)

















0/1& (! ! 
 &)	&'^
=/1&) F\! 
!/&^)&   &)
^ :#   
0/1-
 ; /0; +  + 
0/1& (




&' =/F :\/  H&' -
! 
 &)	&'\
 F#/&' & ^! :\&




^ :\&^   "	& :\ "  
&\ - / 

0/  F %&' #+'&>=P! #"9:)
# 
!/&    
*! (&^  &'^
 & =,!
0/ ; &)%& ;
3
  )&\& )& :'
 M  $(




T′′M2L  )&\&  M M  /1%& :\ ^ (&\ 
0/1-
   :\/0; 
&)^
!%&CU:&^ 
 ! " %&
0/1& "1&)0+'^ ( :\&^ -% &).
0/1&^U!0;$&^ 
E  ? ? R9 8 , ½ N ½ 9  NQ
M2L










¹µZe  c&lnZLxLuz z¤lcve&enZLxWjhjmpoijZLc³icfZKm|h5enWjZr¸¹µywam Y[{jz Z>Y[Z>henuegm shegWeµz ZLJ^ensCWjm W5{ZLlf¢­sJlgYhxZ § cgZ>Z4   ad( = G " ¨ ©VWjZwijz|egm Y[uegZsuzmpcWjZ>lnZCegs-¤z zQueZLcfe¶enWjZw{m|{Z>z m|hZLcsu¢&egWZ 6 senm|hj-{sJm|heZ>}ZLxijegm shijhm¬ecm hsJlnZLlrens-lnZLxW[{ZL´{Z>lg¢­slnYuhx>Zsu¢egWjZ{lgsxZKcgcgslK©r· WjZLh¯ªClnm¬enm|hjz sds{c^xslnlnZLcg{sJhm hj-ensegWZ-¸¹µywasJ{ZLlnuegm sh³¡jxLulnZm cA¤lcveCeu´ZLh±m|henWjZ-sJlnZLlAZevªZ>Z>h±enWjZDjm¬«QZ>lnZ>he^z sds{cwcfsenWecf{Jxmpuzµh±enZ>Y[{sJlnz³z sdxLuz m¬evb±uY[sJhjjeulnZY}m Y²m >ZK&©AVWjZLh³¡¤lcve[z|ZLZLzs¢^jz sdx´dm hjm c²m hJenlgsixZL egs{jlgsdmpZ$xLxWjZ$lgZLicgZ$m h sJlnZLl-ens{jlnZ>JZ>he[Y-ijz|egm {jz Z$z sJJjc-s¢AegWZ±cnuY[Zjuen©· WjZLhxsJhcfmpZLlgm hjY-iz¬enm¬¥¦z|ZLZLzx>JxWjZY²ZLY[slnbDuh  SsJl?egWjZ^VC¹¸ § Vµluhcgzpegm sh[¹³sdsJ´SJcfmpZC¸i«QZ>l ¨ ¡djm|egm shuzz Z>JZ>zpcsu¢jz|sx´dm hjx>uh+Zm|henlgsix>ZL&©$]Ah{j{jlns{jlnm uegZ  vz ZLJm hjm|Y[ZLhcfm shc [su¢egWjZYueglnm x>ZLc § cgZ>Z¸¹ywaNlgsJiegm hjZm hegZ>lg¢£x>ZLc ¨ xLuh xLuicgZihjhjZLx>ZLcncglgbNegl°xm|h egWjZY[Z>Y[slnb+Wjm|ZLlnlnxWdbuh uhijhZ>lnicgZL xLxWjZJ®z|sxLuzulnlnSbclgZenWic5icfZK¯ensenZ>Y[{slulnm|z b¯cvenslnZDcgij¥¦YeglnmpxZLcL© ^enWjZ>legZKxWjhjmpoijZLc5cgixWJcz|sds{Nijhjlnsz z|m hj¡&lgZLmpcvenZ>ljz|sx´dm hj¡³juen{jlnZ¢­Z>enxW³¡Zenx©uulnZz cgswicfZKDZL{ZLhm hjshDegWjZYxWjm hjZJ©yAz zdegWZLcgZenZLxWjhm oijZKclgZxsJheglnsz z|ZKdbY[JxWjm hjZ¥ Z>{Z>hZ>he{lnY[ZegZLlncL©
 h  2¹³¹= G "m¬e²Wc-ZLZ>h cgWjsªCh+egWeDz Z>JZ>z
3














egm sh § >© º ¨ ªZªCm z|z&cgZ>Z^Wsª3egs²icfZwYeglnm|}¥¦Yenlgm|}{jlgsix
encL¡duh
ZGEMM
























O , Á R 3>L  ½Á D
TM2L
 jsJl^uz z
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vMI
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su¢Pcfm >Z 2I + 1 ®
vMI (i) = M
i−I
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2 × (P + 1)2
Z¤hjZLdbQ®
TI1,I2 [P ] =


BI1,I2 BI1,I2+1 . . . BI1,P−(I1+1) BI1,P−I1
BI1+1,I2 BI1+1,I2+1 . . . BI1+1,P−(I1+1) 0
©©© ©©© ©©© ©©© ©©©
BP−(I2+1),I2 BP−(I2+1),I2+1 . . . 0 0









DI1,I2 [P ] =


BI1,I2 BI1,I2+1 . . . BI1,P
BI1+1,I2 BI1+1,I2+1 . . . BI1+1,P
©©© ©©© ©©© ©©©





0 ≤ I1 ≤ P
¡
0 ≤ I2 ≤ P
®
 ¢­slCsjuz ijZLcs¢ P = 2Q + 1 ®
TI1,I2 [P ] = TI1,I2 [2Q + 1] =
[
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 ¢­slCZLZ>huz ijZLcs¢ P = 2Q ®
TI1,I2 [P ] = TI1,I2 [2Q] =
[
DI1,I2 [Q] TI1,I2+Q+1 [Q− 1]




TI1 ,I2+Q+1 [. . .]
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3 0 0 0 0 0 0 0 0 0 0 0 0
O03 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O−13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O−23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O−33 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


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jz|sx´cs¢cfm >Z
4
WSJZZ>Z>hN{jz suefenZL 5&ªCm|egWNsijlwegZKcvec>¡Qm|empcwshjz bcveujz Z-¢­sJl

























 FFT with block of size 2
 FFT with block of size 3
 FFT with block of size 4
Block blas with Row






´JZ>lnhjZ>zH©PVµZKcvecCulnZw{Z>lg¢­slnY[ZL$shuh  ¸_ q?sªZ>lº-ªCm|egW¯,5¸ s¢Y[Z>Y[sJlgbJ©
ªCm|egW±z sªZLljz sx´cfm >ZKculnZcgz|sªZ>lK©_¯slnZ>sZLlL¡ªZwWSJZcfegsJ{enWjZegZLcfencCue
P = 19
cgm|hxZsh$egWjZ  ¸_ q?sªZ>lº § ªCWZ>lnZenWjZegZKcvecCªZ>lnZ{Z>lg¢­slnY[ZL ¨ ¡egWZD95¸ s¢Y[ZLY²sJlgbªZLlgZm hcgi°xm Z>heC¢­slAz|zµ??V jz sdx´$cfm >ZKcCªCm¬enW P > 19 © +AsªZ>ZLlm|eY-icfeZ[hjsuenm x>ZL¯egWueuewenWjmpcwsxeglnZ>Z²WjZ>m WeL¡QenWjZ²lgsenenm|sJhNcnxWjZ>Y[ZDZKxsY[ZKc^¢£JcvenZ>legWuhNz|zenWjZ¸¹ywacgxWjZLY[ZLc¢­sJl
P ≥ 23 ®egWm c5mpcsu¢xsJijlncgZDegWjZu¢ egZ>lnYenWNs¢¶egWZ²z sªZ>l5s{Z>lenm|sJhNxsJijhe5¢­sl5egWZlgsenenm|sJhNcnxWjZ>Y[ZJ©²m huz z|bJ¡Jc¢­sJl-cfm hjJz|Z[WjZLm|JWJe´JZ>lnhjZ>zH¡³enWjZ¸¹µywax>sY[{jieegm shªCm|egW  5=
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 h sJlnjZ>lensm z|z icfeglegZegWjZNZ°xm Z>hxb1su¢egWZN¸¹µya3ZLlncgm|sJhc[enWeY[´ZKc[egWjZLYB¢£cfegZLlegWuh enWjZsegWjZLl$cnxWjZ>Y[ZLcL¡ªZ${lgZKcfZLhJe²egWZ$eujz Z¯enWecgWjsªAcDegWjZ±_¯?¹ wqa § _¯m|z z|m shc[su¢wz sJenm|hNq?sm he w{Z>lenm|sJhcD{ZLladZLx>shjc ¨ ªCWjZ>hx>sY[{jienm|hj
M2L










































 FFT with block of size 4
Block blas with Recopies
Block blas with Row
Block blas with Slice











P = 7 P = 15 P = 7 P = 15xzpcncgm x =© >   < j© º   < >©    <:G © º  lnsuenuegm shc j© >   © G   G © >   < j© =  ??V ªCm|egW±jz sx´cfm >Z > >©    < º   < © >   <:G © >  z Z>ZLz
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enm xLuz¶Jx>x>ijlnJxm ZLc¢­sJl-suegW ´Z>lnhjZLz¶WjZLm|JWJec>©ywcDz|lnZLJbZ>}d{sJcgZL§ cfZLZ5¢­slZ}juY[{jz Z, · +*=->9"&¢­slAsJijjz ZWZ>m We
M2L
´Z>lnhjZLzU¡uh  ~Ah=U=."µ¢­slCcfm hjJz|Z5WjZLm|JWJeC´JZ>lnhjZ>z ¨ ¡denWjZLcgZ5{jlnJx

























 FFT with block of size 4
Rotations
Full blas with Row






´Z>lnhjZLzU©?VµZKcveculnZA{ZLlf¢­sJlgY[ZKsh$uh  ¸_q?sªZ>lº5ªCm¬enW 5¸1su¢µY[Z>Y[sJlgbJ©












































1.0× 10−9 m|h±silcgm Y-ijzpenm|sJh ¨ ©ywc²¢£ulc[x>z Jcgcgm x
M2L
m cx>shx>Z>lnhjZL³¡regWZ±cgm hjz Z±WjZ>m We´ZLlghjZLzm c[Y[slnZ±Z°xm Z>he[¢­sl[z sª{jlnZLx>m cgm shc[uhenWjZsJijjz ZWjZ>m WeshZ[¢­slWjm W{jlnZLxmpcgm|sJhc>©VWjmpccgz|m Wenz|bjm¬«QZ>lc¢­lgsJYenWjZlgZKcfiz¬ec5su¢ (rz z =." § cfZKx
enm|sJh * © ºj© < ¨ ªCWjZLlgZjlnm Z¢CxsY[{lgmpcgshicfm hj±enWjZ>sJlgZ>egmpx>uzPsJ{ZLlnuegm sh+xsJijhedcL©Jx>xilnJxb¯cgWjsªAcegWuesegW WjZLm|JWenclgZ²egWZ>slnZenm xLuz z|bNcZ>°x>m|ZLheL©y^hNJcwegWjZLslnZegmpx>z|z b²tvicfegm|¤ZLNm|h+cgZLx
enm|sJhc < © © >j¡µ¡³ºuhj© >j¡&ªCWm|z Z[lgsenenm|sJhuhN¸¹µya¯x>sY[{jieegm shc^¢£SJslenWjZsijz|ZWZ>m WeC´Z>lnhjZLzU¡denWjZ?V m Y²{lgsJZ>Y[Z>hem cJZ>hjZLlnz|z bY[slnZZ>°xm Z>heAªCm¬enWcfm hjz Z5WjZ>m WeC´ZLlghZ>zH©
VWjZLlgZ>¢­slnZAªZcfegm z|zWSJZAegs[xsJY[{ulnZCegWZwZLcfes¢µZLJxWcgxWZ>Y[Z®egWm cmpcsJhjZm|h¤ijlnZj© ªCWjZ>lnZ^ªZw{lgZKcfZLhJe?Vh¸¹µya²Z>lcgm|sJhcPsh[enWjZwcnuY[ZA{z|se § x>z Jcgcgm x^uh[lnsueegm shcPWSZAz|lnZLJb-Z>ZLhmpcgxLulZL²m hcgZLx
































Downward pass CPU times (seconds)
Single
Double

































































































Downward pass CPU times (seconds)
Single
Double
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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m ilgZ© ®PVlnJZ>s«QcZevªZ>ZLh${jlxegmpx>z³x>x>ijlxm ZLcuh * q] egm Y²ZKc¢­slAcgm hjz Zuhsijz|ZWZ>m WeC´Z>lnhjZLz cL©
Z>}Y[{jz|ZKc>¡¢­sJl{jlnJx
enm xLuzµZLlglnsl^ZLz|sª
1.0 × 10−6 § lnZLcg{ZLx
































Downward pass CPU times (seconds)
Single, FFT, block size 4
Double, FFT, block size 4
Single, block_blas, row
Double, full_blas, row
m ilgZ© j®P??V z|sx´cgm LZ>dcL©P¸¹µywa §  ; #:

>;     + ;?;

 ; 











s{Z>lenslenWe5xshdJZ>lgencAYDijz|egm {sJz|ZDZ}{uhcfm sh±m hJens±z sx>uzPZ>}{uhcgm sh³®5ªCWjm z|Z     >; &(/1&):/ 

M2L












O(P 4) ens O(P 3) ¡PªCWjm z|ZegWjZ$m|henlgsixegm sh s¢^¸¹ywa § ¸cgm x¹µm|hZLul²yAz ZLjlnNadijj{jlnsJlnYc ¨ JlgZKegz bNoijmpx´ZLhcenWjZ
O(P 4) xsJY²{ienuegm sh³©VssijlC´dhjsªCz ZLjZ¡denWjmpcAmpcegWjZ5¤lncfeAm|Y[{jz Z>Y[ZLhJeenm|sJhs¢enWjZ-??V Z>hjWhxZLY[Z>heC¢­slAsJijjz ZWjZ>m We
M2L
´JZ>lnhjZ>zH©·ZWSZz cgs$JshjZ[m hegsZeum z c5s¢enWjZm Y²{z|ZLY²ZLhenenm|sJhhªZ[WSJZ²cgWjsªChNegWuehdijY[Z>lnm xLuz?m|hcveujm z|m|egm ZLclgZLY[m|hZLZ>h±m henWjZjz sx´ZLlncgm shs¢µenWjm cAm|Y[{jlnsZLY²ZLheL©PVWjZlnsuenuegm sh±cgxWZ>Y[Z5WcZ>ZLh{lgZKcfZLhJenZL$m|hZ>enm|zpcCxLxslm hjDegsenWjZ5¢­slnY-ijzpuZ5icgZL$m hsJijlA?_¯_#m|Y[{jz Z>Y[ZLhJeenm|sJh³©ywc-uh z¬enZ>lnhenm|JZ¡¸¹ywa § ¸cgmpx¹³m hjZLl-yAz ZLjlnadij{jlnsluYc ¨ Z>lcgm|sJhNWJcZ>Z>h {lgsJ{scfZK¯¢­sJlegWjZ$Z>hcgZYenlgmpxZKcCsu¢egWZ-sijz|ZWZ>m WeA´ZLlghjZLzµcªZ>z zJc¢­slCenWjZ-cg{ulcgZYueglnm x>ZLcsu¢?enWjZcfm hjJz|ZWjZLm|JWeAshjZJ©ycnxWjZ>Y[ZªCm|egW
	& :\ "$&^Wc¶¤lcveYZ{sJcncfm jz Z^enWjZwicfZsu¢z|ZLZ>z
3
¸¹ywalgZKcfijz|egm hj²m|h$m|Y[{jlnZLcncgm|JZwcg{ZLZLij{c>©¶ad{ZLx>m z&je-cfegsluJZLc¢­sJl-enWjZZ>}d{uhcgm|sJhcZLm¬enWjZ>lDdb  0=slDb  ;  :\&'5WSZenWjZ>h Z>hjz|ZK+ic-egsNSJsmpNegWjZjm|egm shuzxsJcfe-s¢.	& : \"&'
¡ZKcf{ZLx>m z|z b¢­slCz sª {lgZKxmpcfm shcL©qrlnZLx>m cgZAsJ{ZLlnuegm shxsJijhencuhY²ZLY[slnbDlnZLoijm lgZLY[Z>hencPWSZ^z cgsZ>Z>h$m ZLh[¢­sl¶ZKxWcnxWjZ>Y[Zuh[¢­sJl¶suenW
M2L´JZ>lnhjZ>zWjZ>m Wec>©VWjm c5JcAªZ>z z?Jc * q¶]9egm Y[ZLcw¢­lnsY {jlx
enm xLuzcfm Y-ijzpenm|sJhcwWSZZ>ZLhicgZLegs{lgZKxmpcfZLz|b±xsJY²{ulnZ-uz zenWjZLcgZm¬«QZ>lnZ>heZLlncgm|sJhcL©  eAu{{ZKulcrenWeegWZ5¸¹ywaZ>lcgm|sJhuhegWjZ??V m Y[{jlgsJZ>Y[Z>heªCm¬enW$jz sx´clgZ^egWjZ5Y[sJcfeZ>°x>m|ZLheZ>lcgm|sJhc>©²· Wjm z|ZegWjZ¸¹µya¯JZ>lcfm shNm c-uz ªSbcw¢£cfegZLlm|h x>JcfZ²su¢CsJijjz ZWjZ>m We´ZLlghjZLzU¡³egWjZjz sx´??V9mpc¢£JcvenZ>l-ªCm|egW1cfm hjJz|ZWZ>m We-´ZLlghZ>zr¢­sJl-Wjm W {jlgZKxmpcfm shc>©<+^sªZLZ>l5enWjZY[ZLY²sJlgblnZLoijm lgZLY²ZLhencs¢egWjZjz sdx´+??V cªZ>z z³cegWZlnZ>Ym|hjm hjDhiY²ZLlgmpx>zQm|hcfenjm z|m|egm ZLcL¡{jlnZLxmpcgZ>z bD¢­sJlWjm|JW${lgZKxmpcfm shcL¡z|m Y[m¬e^cgZ>JZ>lnZ>z bDenWjZ5ZLhjZ¤em|eCsu«QZ>lc¢­sllnijhegm Y[ZDm h¯enWjm c5xLcgZ©VWjmpcwmpclgZLm|hj¢­slxZL±ªCWZ>hNx>sY[{lgm hjenWjZDeglZLsu«+Z>evªZLZ>h{lnJx
egmpx>zJx>x>ijlnJxb±uh¯lgijhenm|Y[ZY²sJhj[uz zJZ>lcfm shc>®µegWjZ¸¹µyaªCm|egW±sijz|ZWjZLm|JWJeC´JZ>lnhjZ>zm cenWjZ>h±uz ªSbc¶egWjZ5Y[sJcfeZ°xm Z>heL¡ªCWm|z Z5m|heglnsix>m|hjDhjshdijY[Z>lnmpx>uz&m hcfenjm|z m|egm ZLcAhz sª Z>}degl-Y[Z>Y[sJlgblnZLoijm lnZ>Y[Z>hencL© e^WcensZhsuegZKegWue^m h  5~#=d&"hm|h  * 5~#= =0"¦¡[hjZLª JZ>lcfm shsu¢egWZ-?_¯_ÃWcAZLZ>hm hJenlgsixZL³©¸cgZLsJhZ>}{sJhjZ>hegmpuzPsJl  f{jz hjZ[ªSJZ DZ>}{uhcgm shcL¡³m|e-z|ZKjcensm|Y[{jlnZLcncgm|JZ[cg{Z>ZLjij{ xsY[{lgZK¯ens±egWjZsJlgm m hz?¢­slnY-ijzp¥enm|sJhsu¢¶egWjZ?_¯_ ©&VWjmpchjZ>ª Z>lcgm|sJhlgZKoJim|lnZLcwWjsªZ>ZLl^Y[slnZDx>sY[{jz Z}YenWjZ>Yenm xLuz?Jx´JlgsJijhhenWicwY[sJlgZm Y[{jz|ZLY[Z>henuegm sh¯ªsln´Q©wadm hxZDhjs¢­lnZ>Z²xsZ-s¢PegWjmpcwhjZ>ª JZ>lcfm sh±mpcwx>ijlglnZ>henz|b±Sum z jz|ZJ¡ªZWSJZhjsewbZ>ewZ>ZLhNuz|ZensxsY[{lgZm|eAªCm¬enWsJijlC¸¹µywa$JZ>lcfm sh³©?\AZLZLlfenWjZ>z ZLcnc>¡m|eAWJcegs[ZhsuegmpxZKenWeCenWjmpcChjZ>ª ZLlncgm|sJhm Y[{scfZKcegZLjm|sJicJju{eenm|sJh$ZevªZ>ZLh$enWjZZ>lnlnslm|henlgsix>ZL$dbegWjZ-Y-ijz|egm {sJz|Zh$z|sx>z&Z}{hcfm shcsu¢µenWjZ?_¯_(uhenWjZZ>lnlgsJlCijZens-enWjZwicfZsu¢µ{z hjZ^ªSZKc>®shjz b¢­ZLª {jlnZLxmpcgm|sJhc¶lgZ^egWdicSum z jz|ZJ©VWZwicgZ^s¢µ{jzpuhjZªSZLcrm cbZ>e{lgsJY²mpcgm|hjDuhmpcAcfegm z|z³m hdZKcvenm|egZK § cfZLZ   +^->9" ¨ © henWjZA¢­ijegijlnZ¡ªZw{jzpuh[egs²u{j{z|b[¸¹µywa[egsenWjZwJju{enm|JZAZLlncgm sh[su¢QegWZw?_¯_ § cfZLZ  * 5~ GUG "Qsl \2¹· =U>0" ¨ ¡duhenWjZ>h[enscfZLZCWjsª enWjmpcPªCm|z zjYexW[m¬ecr{lnz|z Z>z m Kenm|sJh¢­sl¶segWijhjm|¢­slnY h²hjsh[ijhm¬¢­sJlgY m cfeglnm jiegm shcPshmpcvenlgm jienZLY[Z>Y[sJlgblnxWm¬enZLx
enijlnZLcL©
: $ 'C)A,BCD%
·Z^ulnZlenZ¢­ijzens 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P (r, θ, φ)
m ilgZy© < ®rad{WjZ>lnm xLuz³x>ssJlnjm|huegZKcs¢{sm he














P ml (x) = (−1)m(1− x2)m/2
dm
dxm




§ ªCm¬enWcvenm|z z |m| ≤ l ¨ cL®




§ y-© < ¨
VWjZ5¢­sJz|z sªCm hjD{lgsJ{ZLlfenm|ZKcCuz z|sª h±Z°xm Z>heAxsJY²{ienuegm shsu¢egWjscfZ¢­ijhxegm shcL®
(l −m)P ml = x(2l − 1)P ml−1 − (l + m− 1)P ml−2,













(x) = 1 P 0
1




(3x2 − 1) . . . . . .
P 1
1

















(x) = 3(1 − x2) P 4
4
(x) = 105(1 − x2)2
. . .m|hz|z b¡ªZ5WSJZ^enWjZ5¢­sz z|sªCm hj[{jlns{Z>lgevbsu¢{ulnm¬evbQ®
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l ≥ 0 Ze −l ≤ m ≤ l mpcL®






P ml (cos θ)e
imφ.






enm|sJh < © © < ¨ ¡ªZ^m|heglnsix>Z εm Z¤hjZLdbQ®
εm =
{
(−1)m m|¢ m ≥ 0,
1
suenWjZ>lnªCmpcfZ
,cgs²egWueAsijl § ijhjhjsJlgYuz m >ZL ¨ cg{jWjZLlgmpx>z&WulnY[shjmpx>clgZ5Z¤hjZLdbQ®




P ml (cos θ)e
i.m.φ,
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· WjZLh¯hjsJlgYuz m >ZL³¡jegWZ²cg{jWjZLlgmpx>z³WulnY[shjmpx>cA¢­slnY h¯slgegWshjsJlgYuz&cgm cA¢­slw¢­ijhx
enm|sJhc
f(θ, φ) ∈ R ©_slnZ>sJZ>lªZZ>Y[{jWJcfm >ZenWeCsilAcf{jWZ>lnm xLuz&WlgY[shm xLclgZx>shcgm jZ>lnZLJcm jZ>hegmpx>z|z bhdijz z&¢­sl
l < 0
sJl |m| > l © h±{lfenm x>ijz lªZ5WSJZ®
Y 0l (θ, φ) = Pl(cos θ),h±uzpcfsDegWjZ5¢­sJz|z sªCm hj[{jlgsJ{ZLlfevbY[shj²s{j{sJcgm|egZslZLlncL®
Y −ml = Y
m
l








Z = (r, θ, φ)
hm|encs{j{sJcgm|egZ¶JZLxegsl −Z ªCWsJcgZcg{jWjZ>lnmpx>uzx>ssJlnjm|huegZKclgZ −P = (r, π − θ, π + φ) ¡jªZ5WSZegWZ>h³®
Y ml (π − θ, π + φ) = (−1)lY ml (θ, φ).yeAzpcfeCªZ5WSJZwenWjZ5¢­sz z sªCm|hj²ªZ>z z¬¥¦´dhjsªChenWjZ>sJlgZLY § cgZ>Z!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h = f ∗ g ¡su¢enWjZLcgZ5evªscgZLoijZLhxZKcdbQ®
















(m,l)∈J−N2 +1, N2 K2
flgm
§ ¸©  ¨
ªCWjZLlgZ


































































N ∀ n ∈ N.
 /            $        








































 /            
2D




B.N ½dÁ  ½  J 
2D






 )& &' : &' & &\












"&'^:  # .& F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K ∀ (j, k) ∈ J ×K.






j ∀ (j, k) ∈ J ×K.
 /     .
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(fl)l∈J−N2 +1, N2 K
uh





(l,m)∈J−N2 +1, N2 K2







·Zx>h$lnZ>zpenZwenWjmpcCx´[ens § ¸©  ¨ db$Z>¤hjm hjDcgZLoijZLhxZKc (f̃l)l∈J−M2 +1, M2 K uh
(g̃l)l∈J−M2 +1, M2 K
Jc>®























(m,l)∈J−M2 +1, M2 K2












k ∈ J−M2 + 1, M2 K \ J−N2 + 1, N2 K
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h̃k = hk
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